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Abstract
An algorithm for identifying differentially expressed genes in data
from time course experiments is introduced. We evaluate our
algorithm on a real microarray data set, in which 6% of genes have
been identified as non-random based on expert knowledge. Our
algorithm is related to subspace clustering based on axis-parallel
projections. In contrast to existing subspace clustering techniques
we sum over all possible 2d combinations of dimensions rather than
identifying the locally most relevant dimensions. We scale attribute
values based on rank order to avoid making assumptions on the
distribution of random data. Information on the overall expression
of a gene contributes towards the final result. We demonstrate
that our algorithm consistently outperforms a conventional outlier
detection algorithm.
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1 Introduction
Two types of gene expression analysis are typically distin-
guished. Statistical techniques are used to test if a gene is
involved in a particular process [16]. Experiments are repli-
cated under identical conditions, and the significance of the
observed expression is calculated. Time course experiments
provide information on how the expression of genes changes
over time. Results are typically analyzed using clustering
techniques [18, 17, 5, 27, 31]. In practice, that means that
biologists have to budget for two sets of experiments. First
they have to use replication to develop the subset of genes
that are relevant to their process of interest. Second, they
have to do time course experiments to then cluster the subset
of genes.

Techniques that can identify differentially expressed
genes from time course data could allow biologists to use
more of their resources for time course experiments and
benefit from the richer information they provide. However,
standard clustering techniques are not up to this challenge.
In fact, some algorithms that are popular in the clustering
of gene expression data, in particular k-means [23], cannot
distinguish noise at all, and cannot be used for the purpose.
Density-based clustering techniques [19, 21, 13] do have the
capability of handling outliers and can, therefore, in principle
discard genes that should not be part of a cluster. However,
they are not optimized for doing so. Rather it is considered

the domain of outlier detection algorithms to distinguish data
that belong into clusters, from those that don’t.

In this paper we present an outlier detection algorithm
that uses subspace clustering concepts and apply it to a gene
expression data set from cell cycle experiments by Cho et
al. [12] (Cho data set). We compare our algorithm with a
conventional density-based outlier detection algorithm that
is loosely related to [28]. We use two lines of reasoning.
Following the clustering logic, one would expect that differ-
entially expressed genes fall into clusters, while others do
not. In this type of reasoning those genes should be outliers
that are not differentially expressed. Such a reasoning can
be used for finding differentially expressed genes if a nor-
malization is chosen that places all time course results on
a hypersphere and does not consider the magnitude of ex-
pression, which is typically done in the clustering of gene
expression data.

One could also argue that differentially expressed genes
should be considered outliers themselves, since their expres-
sion values are expected to be larger than those of genes that
are not differentially expressed. The normalization process
mentioned above discards information related to the over-
all magnitude of expression. We, therefore, do a second
comparison, in which we use density-based outlier detection
without normalizing on a per-gene basis. The results we get
in this fashion are substantially better than the ones based on
the reasoning of high cluster density. However, we show that
the performance is comparable to simply using the overall
norm of the expression vector as indicator. When combining
the ranking of genes based on norm with the ranking based
on our subspace algorithm we get the overall best result.

One of the main challenges in this work is that outlier
detection algorithms are normally intended for settings, in
which the outliers are exceptions. In gene expression ex-
periments it is, however, common that only a small set of
genes is involved in the process of interest. In the Cho data
set only about 6% of genes are involved in the cell-cycle. If
interesting genes are to be discovered through high density
in attribute space then it is very important to find a normal-
ization that results in a constant landscape for noise. In this
paper we assume that we neither have a noise model [15] nor



labeled samples of noise [25]. When little is known about a
distribution, a common approach in statistics is to use rank
order of attributes instead of numerical values. Following
this concept, we scale attributes such that the distribution of
each attribute becomes constant. Density fluctuations can
still occur in the space spanned by multiple attribute. Those
fluctuations will determine whether we consider a point ran-
dom.

A second challenge is that high density may only be
associated with some of the dimensions. This problem is
discussed extensively in the subspace clustering literature
[29, 4, 1]. Subspaces can either be axis-parallel [4] or general
projections of the high dimensional space [1]. Comparing
densities for subspaces of varying dimensionality is, how-
ever, not straightforward. We avoid this problem by not se-
lecting subspaces, but rather summing over all possible axis-
parallel projections of a hypercube of a given side length. If
a point is close in many dimensions, that point will also be
close in many projections.

It is important to note that it would not be practical to
sum over all possible subspaces, since the number of axis-
parallel subspaces of a d-dimensional space grows as 2d.
Hence, it is critical for the performance of the algorithm to
circumvent computations that involve individual subspaces.
The complexity of our algorithm and of an equivalent algo-
rithm on the full space only differ by the need for sorting
arrays of length d. This operation can be expected to have
complexity d log d. Our algorithm returns a ranking of data
from most likely non-random to least likely and we use ROC
evaluation [34] to measure success. While this setup resem-
bles classification with class labels non-random and random,
it is important to note that no training is involved. We do
not need random samples to define randomness [25]. Our
concept of randomness is entirely based on the notion of at-
tributes being independent.

2 Related Work
Outlier detection is an important problem in statistics and
data mining. The term outlier is used to describe individual
attribute values that are exceptional [26, 30] or complete data
points [24, 2, 25, 36]. Outlier detection or noise removal may
be done as part of data cleaning [30, 36] or outliers may be
of interest by themselves, such as in fraud detection [24, 2].

In gene expression data analysis, statistical techniques
based on a single set of experimental conditions are conven-
tionally used for determining relevance of a gene to a process
[16]. Some clustering algorithms detect noise as a byprod-
uct [18]. Biclustering techniques [11], which cluster genes
and experiments simultaneously, often also have the capa-
bility of excluding noise. Special techniques have been de-
veloped for gene expression data that treat similar genes as
exceptional case and are therefore related to our approach
[8, 20]. These techniques make use of specific properties of

time course gene expression experiments and are hence not
as general as the approach discussed in this paper.

Gene expression data from yeast cell cycle experiments
[12, 33] have been used in many clustering papers [6, 22, 32].
Most of those apply clustering algorithms only to genes,
which have identified as cell cycle genes [38, 6, 32]. Kailing
et al. [22] apply subspace clustering to the complete set
of genes and recognize several cell-cycle genes in clusters.
However they do not quantitatively test the selectivity of
their algorithm.

The normalization used in this paper is related to quan-
tile normalization [9] in that the quantile of a point deter-
mines its normalized value. In our normalization we use a
constant distribution as reference distribution. Such a nor-
malization results in distances that are closely related to
the mass-distance discussed in [39]. We go beyond pair-
wise comparisons and evaluate the collective similarity of
a given gene to all other genes within a neighborhood that
is determined by the algorithm. The latter step is similar to
density-based clustering [21, 13, 19] and subspace clustering
[29, 7, 1, 10, 3] with a rigorous comparison against a noise
model [15, 14]. It differs from the cited approaches in its
collective evaluation of all possible subspaces.

3 Concepts
3.1 Rank-order Scaling The more we know about ran-
dom data, the better we can distinguish non-random data.
Gene expression data do not typically follow a Gaussian dis-
tribution. Figure 1 shows the distribution of individual at-
tribute values of genes that are not expressed in the Cho data
set together with a normal distribution of equal variance. It
can be seen that the real data set has a narrower peak with
much longer tails. Cell-cycle genes are not included in this
plot to highlight the non-Gaussian behavior of random data.

In this paper we normalize each attribute using rank or-
der. That means, that by definition the density in each dimen-
sion is constant. Fluctuation can happen when attributes are
correlated. Strictly, we would prefer continuing to use only
data that correspond to noise for our scaling process. How-
ever, the information on which data are noise is assumed not
to be known. Hence the scaling has to be done based on the
full data. Since we are primarily interested in the case of
massive noise we can assume that noise dominates the scal-
ing. For given attribute values, rank order provides a simple
measure of size that satisfies the requirement of following a
constant distribution. For convenience we work with data in
the range −0.5 < xi < 0.5. Using the Heaviside step func-
tion θ we can formally write the scaled attribute value x′i as
a function of the unscaled values xj as

x′i =

∑N
j=1 θ(xi − xj)

N
− 0.5 (3.1)

where N is the total number of values of the attribute.



Figure 1: Distribution of attributes in gene expression data
set (only genes that are not differentially expresse), com-
pared with normal distribution.

3.2 Confidence Optimization We are interested in data
points for which the density most differs from what we
would expect for random data. For this purpose, we define a
confidence measure as follows

c(a) =
ρobs(a)
ρexp(a)

1 + ρobs(a)
ρexp(a)

=
ρobs

ρobs + ρexp
(3.2)

where ρobs(a) is the observed number of points per volume,
and ρexp(a) is the number that is expected based on a random
distribution. c(a) can be seen as our confidence that a
data point within the volume belongs to the data rather than
being noise. It is closedly related to the multi-granularity
deviation factor, MDEF in [28], but increases for increasing
density where MDEF decreases. In practice, a grid of a/2
values is considered, also similar to [28], typically starting at
a/2 = 0.025, and continuing at equidistant intervals through
a/2 = 1. The confidence of equation (3.2) is calculated
for each value of a/2. For each data point x the highest
confidence is selected.

Figure 2 illustrates the volume calculation for projec-
tions of a two-dimensional ”hypercube”, i.e. square. Note
that we do not allow the side length of the evaluation volume
to differ in different dimensions. Allowing more generality
would also increase the probability of finding a hypervol-
ume that appears as relevant because of random fluctuations
alone. The analytical representation of the sum of the vol-
umes in all subspaces can be derived by observing that each
dimension may either be involved in defining the volume, or
it may not be involved. This choice exists independently for
each dimension. Hence, the contribution of the dimension
being involved or not involved can be added independently
for each dimension. The following equation gives the sum

Figure 2: Subspace setup in two dimensions x0 and x1. Top
left shows the trivial subspace, that results by performing
projections for all dimensions. Right bottom represents the
original space.

of volumes over all dimensions

ρ(s)
exp(x, a)

∼
d∏

i=1

[
1 + min

(
xi +

a

2
,
1
2

)
−max

(
xi −

a

2
,−1

2

)]
(3.3)

Note that the only difference between the sum over all
subspaces and the volume of the full space alone is the con-
stant contribution of 1 to each term. The difference looks
trivial, but it means that equation (3.3) simultaneously con-
siders 2d subspaces instead of only the complete space. We
can immediately observe that the calculation of the expected
number of points in all projections is no more computation-
ally expensive than the computation of the expected number
of points in the one hypercube defined for the full space.

The calculation of the actual number of data points
within all projections can also be done without enumerating
subspaces. Note that a data point only has to be within
distance a/2 for dimensions, over which no projection was
performed. Let us look at some examples:

• If the data point is closer than a/2 for all its dimensions,
then it is within the hypercube for each of the 2d

subspaces.



Table 1: Subspaces for d=3
|x1 − x0

1| < |x2 − x0
2| < |x3 − x0

3|
0 0 0 trivial subspace

contributes for
all data points

1 0 0 contributes for
|x1 − x0

1| < a/2
0 1 0 contribute for
1 1 0 |x2 − x0

2| < a/2
0 0 1 only
1 0 1 contribute for
0 1 1 |x3 − x0

3| < a/2
1 1 1

• If there is one dimension for which the distance is
greater than a/2, then the point is only in 2d−1 sub-
spaces.

• If the data point only has a single dimension di for
which it is closer than a/2 then the data point is only
in two subspaces, the trivial subspace that results by
performing projections for all dimensions, see top left
in Figure 2, and the subspace is projected on di.

• Every data point is part of the trivial, fully projected
subspace, in which the hypercube does not provide any
constraint, and that has the constant volume of 1.

Table 1 shows the subspaces for d = 3, and lists which
of them contribute for which values of the point differences.
Note that there are only d + 1 possible weights for any data
point. With |x1−x0

1| < |x2−x0
2| < |x3−x0

3| the following
weights can occur

a/2 < |x1 − x0
1| 1

|x1 − x0
1| < a/2 < |x2 − x0

2| 2
|x2 − x0

2| < a/2 < |x3 − x0
3| 4

|x3 − x0
3| < a/2 8

An expression for the number of subspaces, for which
a data point at x is within range, given a hypercube of side
length a centered on a data point x0 is hence

w =
d

max
i=0

|xi−x0
i
|<a/2

2i (3.4)

The resulting algorithm for evaluating ρ
(s)
obs(x, a) for a

grid of values aj/2 summed over all subspaces, is as follows:

For all data points, and for all grid-values aj/2

1. Calculate the vector of differences x− x0 with respect
to the central point x0

2. Take the absolute value of the differences separately for
each dimension |xi − x0

i |

3. Sort difference values within each data point, from
smallest to largest

4. Add 2i to the count of subspaces for the largest i for
which the difference vector is smaller than the grid
value aj/2

5. Return count of subspaces as function of aj/2

It is important, in this algorithm, that the central data point
is not itself included in the sum over subspaces. Since the
central point has a distance of 0 in every dimension, its
weight is 2d, which would distort the result substantially,
since ρexp has no corresponding contribution.

4 Evaluation
4.1 Methods The algorithm was implemented in MAT-
LAB. For the evaluation on microarray data we used results
of cell cycle experiments in yeast described in [12] and avail-
able as part of the data distributed with [33] (cdc28 measure-
ments). We used the subset of genes from [37] that have
been identified as relevant by expert inspection. The genes
are discussed as having recognizable features that make them
similar to each other and relevant to the cell cycle experi-
ments that were performed on the yeast genome. The data
set has a total of 6178 genes, of which 383 are involved in
the process tested in the experiment and the remainder are
considered noise. This corresponds to about 94% noise. We
also evaluated the algorithm for other fractions of noise, each
time using the full set of relevant genes. There were 17 at-
tributes within the cdc28 experiments. Some of them, how-
ever, had a substantial number of missing data. We filled in
missing values with zeros, before rank order normalization.
This choice worked well as long as there were fewer than
about 5% values of unkown values within an attribute. We
excluded attributes that had more missing values, which left
us with the first 11 dimensions of the data set. We evaluated
hypercubes with side lengths from 0.05 through 2, since a
hypercube centered on the perimeter of the data hypercube
of side length 1 must have side length 2 to cover all points.

Our algorithm returns a ranking of genes from highest
to lowest density. We then use ROC analysis to evaluate
the effectiveness regardless of cut-off. Seven data sets were
created with different fractions of noise. Each data set
consists of all cell-cycle genes and a varying number of
non-cell-cycle genes. The noise fraction is defined as the
number of noise (non-cell-cycle) genes divided by the total
number of genes considered. It should be stressed that
while the evaluation is done in analogy to classification,
the problem as such was not set up as a classification
problem. In particular, there is no training based on expert
opinion. The algorithm does not require input of any explicit



Figure 3: Area under the ROC curve for different noise
fractions up to the full data set (94% noise)

parameter values. However, a heuristic has to be determined
for the minimum number of points that qualify within the
confidence optimization of equation (3.2). We use the
heuristic that every point has to contribute on average one
subspace to the sum.

The comparison code uses ideas from [28] but does
not implement the full correlation integral for the following
reasons: We are working with a relatively high-dimensional
space of 11 dimensions, where the difference in distance
between the closest and the furthest neighbors is small
[35], and a distinction between a counting and a sampling
neighborhood is not practical. Rather, we sample over the
entire system and then evaluate hyperspheres for 20 different
radii and pick the maximum of the actual number of points
divided by the average number of points. Neither do we need
the statistical determination of a cutoff, since we use ROC-
based evaluation that does not require setting a cutoff.

4.2 Comparison with Conventional Density-Based Out-
lier Detection In our first comparison, we will maintain the
assumption that differentially expressed genes should be rec-
ognized by being in a dense region of similarly expressed
genes. This perspective is an extension of standard cluster-
ing of gene expression data, in which we consider not dif-
ferentially expressed genes as outliers. We normalize the ex-
pression profile of each gene by subtracting the mean and
dividing by the standard deviation. Figure 3 shows the area
under the ROC curve for our subspace algorithm together
with the ranking based on high actual density compared with
its expected value. It can be seen that the subspace algorithm
outperforms the comparison code for all noise fractions from
50% (equal number of genes that are differentially expressed
and genes that are not) through 94% (full data set).

Figure 4: Area under the ROC curve for individual algo-
rithms and for averaged rankings of the norm of expression
profiles (”Norm”) the output of the algorithms. For ”Comp.
Importance” by itself please refer to Figure 3.

In our second comparison we assume that differen-
tially expressed genes might themselves be considered out-
liers since they have exceptionally large expression val-
ues. In this comparison we only apply an attribute-based Z-
normalization. For this purpose we use a ranking that places
points with sparse neighborhoods highest. In Figure 4 this
is approach is labeled as ”Comp. Outlier”. It can be seen
that this approach leeds to substantially better results than
the pure subspace algorithm. It is not surprising that large
expression values signify differentially expressed genes. We,
therefore, also compare the predictions with a ranking based
on the overall norm of expression profiles. It can be seen
that the resulting ”Norm” ranking in Figure 4 is an almost as
good predictor as ”Comp. Outlier”.

We then combined the ”Norm” ranking with other rank-
ings by averaging. It can be seen that the average of the
”Subspace” and the ”Norm” ranking produces the clearly
best-performing result. It can also be seen that the ”Comp.
Importance” result is substantially improved over Figure 3
by averaging with the ”Norm” ranking. However, averaging
the ”Comp. Outlier” ranking with the ”Norm” ranking pro-
duces a result that barely differs from the ”Comp. Outlier”
alone. This observation confirms that both capture very sim-
ilar information. Averaging of classifiers is only expected to
improve classification when the classifiers capture different
information, and the same can be expected to hold in this
analysis. Figure 5 shows the ROC curves for the full data
set (noise fraction 94%). It confirms that the ”Subspace +
Norm” ranking does indeed have True Positive results high
up in the ranking as is expected of an overall useful algo-
rithm.



Figure 5: ROC curves for the same rankings as in Figure 4.

The scaling of our algorithm with data set size is gov-
erned by the need for examining each data point, and for
each data point examining the distribution of neighbors, and
is thereby quadratic in the number of data points. For each
pair of data points we also have to sort the distances in all
dimensions, contributing a factor of d log d. In this work we
primarily focused on effectiveness and therefore did not ex-
plore opportunities for improving performance.

5 Conclusions
We have presented an algorithm for finding differentially ex-
pressed genes from time course experiments in the presence
of up to 95% noise, i.e. not differentially expressed genes.
Our rank-order-based scaling creates a flat distribution for
each individual attribute, regardless of the distribution of val-
ues. Differentially expressed genes are identified through
density maxima that result from the combined occurrence
of similar attribute values in multiple data points. Similarity
is evaluated over all axis parallel subspaces. The side length
of the evaluation hypercube is optimized based on the con-
fidence that a data point is non-random. The overall expres-
sion is considered by averaging over the ranking according
to similarity and a norm. We demonstrate the effectiveness
of the resulting algorithm on a real gene expression data set,
for which noise has a clearly non-Gaussian distribution. We
show that the algorithm outperforms a conventional outlier
detection algorithm for noise fractions from 50% to 94% .
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